On a complex manifold X of dimension ≥ 3, we show that coherent D Xmodules which are "simple" all over P * X are classified by Pic(X), the family of holomorphic line bundles on X. As a corollary, using the Penrose transform, we obtain that on the complex Minkowski space M, simple D M -modules along the characteristic variety of the wave equation are classified by (half) integers, the so-called helicity.
Introduction
Consider a complex manifold X of dimension ≥ 3 and a regular involutive submanifold V of P * X, the projective cotangent bundle to X. A natural problem is to classify all systems of linear PDE (i.e., coherent D X -modules) with simple characteristics along V . In the extreme case where V = P * X, we solve this problem by showing that such modules are classified -modulo flat connections-by Pic(X), the family of holomorphic line bundles on X. Starting from this result, the theory of integral transformations for D-modules allows us to treat the case of other involutive manifolds, such as the characteristic variety of the wave equation in the conformally compactified Minkowski space or, more generally, the case where X is a Grassmannian manifold G p (C n ), and V is identified by the natural projection with the conormal bundle to the incidence relation in G 1 (C n ) × G p (C n ). We show in particular that on such a space, simple modules along V are determined, up to flat connections, by an (half) integer corresponding to the so-called helicity.
In [5] it was shown that the Penrose transform allows one to obtain the whole family of massless field equations. By the results of this paper, one gets that there are no other simple modules than those of this family.
We wish to thank Louis Boutet de Monvel, Masaki Kashiwara, and JeanPierre Schneiders for useful discussions during the preparation of this paper.
Simple D-modules
We shall use the classical notations concerning D-modules. References are made to [6] , [10] .
Let X be a complex manifold. We denote by d X its dimension, by π : T * X − → X its cotangent bundle, and by O X its structural sheaf. The sheaf D X of linear holomorphic partial differential operators on X is naturally endowed with a structure of filtered ring, the filtration being given by the subsheaves D X (k) of operators of degree at most k. The associated graded ring GD X is identified to k∈N π * O T * X (k), where O T * X (k) denotes the subsheaf of O T * X whose sections are homogeneous of degree k in the fiber variables.
Let
If M is endowed with a good filtration, we set:
is the associated graded module. This is a coherent O T * X -module. Recall that any coherent D X -module locally admits a good filtration, that supp(GM) does not depend on the choice of the good filtration, and that char(M) ⊂ T * X, the characteristic variety of M, is defined as the support of GM. We shall say that ϕ is an isomorphism modulo flat connections (an m-f-c isomorphism for short) if ker ϕ and coker ϕ are flat connections (i.e., coherent D X -modules whose characteristic varieties are contained in the zero-section).
We denote by T * X X the zero-section of T * X, byπ :Ṫ * X − → X the cotangent bundle with the zero-section removed, by τ : P * X − → X the projective cotangent bundle, and by γ :Ṫ * X − → P * X the natural projection. For V ⊂ T * X, we setV = V ∩Ṫ * X.
Denote by E X the sheaf of formal microdifferential operators on P * X of [10] (see [11] for an exposition). If M is a coherent D X -module, we set:
(ii) The set of m-f-c isomorphisms is a multiplicative system (as defined e.g. in [7, Definition 1. 
where ϕ is an m-f-c isomorphism, can be completed into a commutative diagram , and embed
may be completed as a morphism of distinguished triangles. Since char(R)
We denote by Mod coh (D X ; O X ) the quotient category of Mod coh (D X ) by the multiplicative system of m-f-c isomorphisms. Note that an m-f-c isomor-
Recall that a conic involutive submanifold V of T * X is called regular if the restriction to V of the canonical 1-form never vanishes. Definition 1.3. (i) Let V be a closed conic regular involutive submanifold ofṪ * X, and let M be a coherent D X -module. We say that M is simple along V if M can be endowed with a good filtration {M k } such that GM|Ṫ * X is locally isomorphic to O V as an OṪ * X -module. We denote by Simp(V ; O X ) the full subcategory of Mod coh (D X ; O X ) whose objects are simple along V .
(ii) If F is a locally free O X -module, we set:
We denote by Line(D X ) the full subcategory of Mod coh (D X ) whose objects are of the type DL for some line bundle L.
and is thus an example of simple module alongṪ * X. This gives a natural functor:
Recall the definition of M given in (1.1), and consider the functor:
If ϕ : M − → N is an m-f-c isomorphism, ϕ is an isomorphism, and hence G factorizes through a functor, that we will also denote by G:
With the above notations, assume d X ≥ 3.
(ii) The functors:
are quasi-inverse to each other, and thus establish an equivalence of categories.
(iii) Moreover, if M is simple alongṪ * X there exists a unique (up to O Xlinear isomorphism) line bundle L on X and an m-f-c isomorphism M − → DL. In other words, simple D X -module alongṪ * X are classified, up to flat connections, by Pic(X), the family of holomorphic line bundles on X.
where E X (k) is the subsheaf of E X of operators of degree at most k. Since {M k } is a good filtration, the above sum is locally finite, and hence the M k 's are E X (0)-coherent. Moreover,
is a line bundle on P * X, and by Lemma 1.5 below, there exists a line bundle F on X and m ∈ Z, such that
where O P * X (m) = γ * (OṪ * X (m)). By shifting the filtration, we may assume m = 0. Let us cover X by open polydiscs (in some local chart). Let U be such a polydisc. Then,
. In particular, this implies:
Applying the functor RΓ(P * U ; ·) to the exact sequence:
we thus get, for k < 0, the surjectivity of the morphism:
Let s U be a free generator of M 0 / M −1 on P * U . By induction on k, using the above surjection we get a section
whose class modulo M −1 is s U (here, the last isomorphism follows from [10, Proposition II 3.2.5]). Consider the morphism of E U (0)-modules:
given by ϕ U (P ) = P s U , and set K = ker ϕ U , H = coker ϕ U . By construction,
H 0, and hence, again by loc. cit., K = H = 0. Summarizing up, we have shown that M 0 | P * U is a free E U (0)-module of rank one. This implies that M| P * U is a free E U -module of rank one. Hence, τ * M is a locally free D X -module of rank one. Since the only invertible differential operators are of degree zero, τ * M DL for a line bundle L on X.
(ii) For M ∈ Simp(Ṫ * X; O X ), the natural adjunction morphism ϕ : M − → τ * M gives a morphism of functors Id − → F • G, and we have to check that it is an m-f-c isomorphism. By Lemma 1.2 (i), we have to check that ϕ is an isomorphism. By the arguments and with the notations in (i), M is free of rank one on P * U , and we are reduced to prove that the natural morphism:
is an isomorphism, which is obvious since τ * E U D U . For DL ∈ Line(D X ), the natural adjunction morphism ϕ : DL − → τ * DL gives a morphism of functors Id − → G • F , and we have to check that it is an isomorphism. This is a local problem on X, and we may assume DL D X . Then, as above, the statement follows from the isomorphism τ * E X D X .
there is a natural isomorphism:
Proof. We may assume X is connected.
(o) If x ∈ X and L is a line bundle on P * X, denote by L x its restriction to P * x X as an O-module. If U is an open ball in C n , then Pic(P * U ) Z. Hence, the Chern class of L x is locally constant w.r.t. x.
(i) The map is injective. In fact, if
is trivial, by restriction to P * x X we find that m = 0. Next, by taking the direct image on X, we find that F is trivial.
(ii) The map is surjective. In fact, if L is a line bundle on P * X, then L x O P * x X (m) for some m, and m does not depend on
Then L x is trivial for all x ∈ X, and hence the natural morphism L − → τ * τ * L is an isomorphism. One concludes, since then L is the image of (τ * L , m) by (1.4).
Integral transforms
Let X and Y be complex analytic manifolds of dimension d X and d Y , respectively, let Λ ⊂Ṫ * (X × Y ) be a closed smooth Lagrangian submanifold, and consider the natural projections:
where we denote by p a 2 the composition of p 2 with the antipodal map. Here, we will make the following assumptions:
ii) p 1 is smooth and surjective onṪ * X, and has connected and simply connected fibers, (iii) p a 2 is a closed embedding identifying Λ to a closed regular involutive submanifold V ofṪ * Y.
(2.2)
If f : S − → X is a morphism, we denote by f ! and f −1 the proper direct image and inverse image for D-modules, and we denote by the exterior tensor product. To M ∈ D b (D X ) we associate its dual
where Ω X is the sheaf of holomorphic forms of maximal degree. We also set
Let K be a simple D X×Y -module along Λ. In particular, K is regular holonomic, and hence DK is concentrated in degree zero.
, we set: In particular, the functors:
Proof. The above theorem has been proved in [3] in the case where Λ = T * S (X × Y ), for a smooth submanifold S ⊂ X × Y of codimension d, and
, the algebraic cohomology of O X×Y supported by S. There, we also show that this statement is of a microlocal nature, i.e., local on Λ. The general case follows since, in a neighborhood of any point of Λ, one may find a quantized contact transformation interchanging the pair (Λ, K) with the pair (Ṫ * S (X × Y ), B S ). 
In other words, the above theorem says that simple D Y -modules along V are classified, up to flat connections, by Pic(X).
Proof. This is an obvious corollary of Theorems 1.4 and 2. 
Theorem 2.1 gives an equivalence of categories between simple D X -modules onṪ * X, and simple D Y -modules on V , modulo flat connections. However, if one is interested in calculating explicitly the image of a D X -module associated to a line bundle, one way to do it consists in "quantizing" this equivalence. This is the purpose of the next result.
With the same notations as in Theorem 2.1, let M be a simple D X -module alongṪ * X, and let N be a simple
Definition 2.3. (i) Let p ∈Ṫ * X × V , and let u be a generator at p of (D M N ) ∧ , the E X×Y -module associated to D M N . Denote by I the annihilating ideal of u in E X×Y . We say that u is simple if its symbol ideal I is reduced, and hence coincide with the defining ideal IṪ * X×V oḟ T * X × V .
(ii) Let p ∈ Λ, we say that a section
is non degenerate at p if for a simple generator u of D M N at p, s(u) is a non degenerate section of K at p in the sense of [10] . (Note that locally simple modules admit simple generators, and one checks immediately that this definition does not depend on the choice of such generators.) (iii) We say that s is non degenerate on Λ if s is non degenerate at any p ∈ Λ.
There is a natural isomorphism (see [4, Lemma 3 .1]):
Hence, a section s as in (2.
Theorem 2.4. With the above notations, if s is non degenerate on Λ, then α(s) is an m-f-c isomorphism.
Note that when Λ is the graph of a contact transformation (and hence V is open in T * Y ), the above result reduces to the so-called "quantized contact transformations" of [10] .
It is enough to check that α(s) is an isomorphism at each p ∈ V . This can be done as in [4, Theorem 3.3] , using [3, Lemma 4.7] .
Application 1: projective duality
By the methods above, we will recall here some results of [4] , [8] on the complex projective Radon transform. Let us begin by recalling some well-known facts and introduce some notations.
Let X be a complex manifold, S a closed smooth hypersurface, and set
where O X ( * S) denotes the sheaf of meromorphic functions with poles in S. There are natural short exact sequences of D X -modules:
Assume X is an open disc in C with holomorphic coordinate t, S = {t = 0}, and U = {t = 0}. Then,
One denotes by 1/t, δ(t) and Y (t) the canonical generators of B U , B S and B * U , respectively. In this case, α(P · 1)
Let now P be a complex n-dimensional projective space, P * the dual projective space, A = {(z, ζ); z, ζ = 0} the incidence relation, and set Ω = (P × P * ) \ A. Denote, as above, by O P (k) the −k-th tensor power of the tautological line bundle on P, and set
For k ∈ Z, we set k * = −n − 1 − k, and we consider the Leray form ω(z) = n j=0 (−1) j z j dz 0 ∧ · · · ∧ dz j ∧ · · · ∧ dz n , which is a section of Ω P (n + 1) O P .
Since z, ζ is a section of O P×P * (1, 1) , the analogue of the sections (1/t) k , δ (k) (t), t k Y (t), obtained by considering z, ζ instead of t, are then "twisted". More precisely, by tensoring them with the Leray form we get sections:
Note that Λ =Ṫ * A (P × P * ) is the graph of a globally defined contact transformation (the Legendre transform):
and it is thus immediate to check that the above sections are non degenerate on Λ. For K equals to B Ω , B S or B * Ω , we have:
Hence, applying Theorem 2.4, we get that
are m-f-c isomorphisms. In fact, a more precise result holds.
Theorem 3.1. With the above notations, the morphisms:
are isomorphisms. (ii) follows from (i) and (iii), using the exact sequences (3.1).
Remark 3.2. (a) Theorem 3.1 (ii) was obtained in [4] .
(b) The kernels B Ω and B * Ω were first considered in [8] . Then Kashiwara pointed out the fact that these kernels allows one to treat all values of k.
(c) A generalization of the above result to the case of Grassmannian duality (where the analogue of S is no longer smooth) is treated in [9] .
Recall that any holomorphic line bundle on P is isomorphic to O P (k) for some k, so that P ic(P) Z. Then, the results of section 1 imply that simple D P -modules alongṪ * P are classified, up to flat connections, by an integer. If M is simple alongṪ * P, we denote by ch(M) the Chern class of the line bundle L such that M is m-f-c isomorphic to DL. Remark 4.2. Consider the case n = 4, p = 2, as in [5] . Theorem 4.1 shows in particular that there are no other simple D M -modules along V than those corresponding to the massless field equations in the conformally compactified Minkowski space M. (See [5] and [1] for related results. Even if the language of D-modules is not used in these papers, their statements can be readily translated in terms of quasi-equivariant D-modules.)
Comments
The classification of locally free D-modules (see [2] ) or, more generally, Emodules globally defined on an involutive manifold V and of constant multiplicities with regular singularities, would be, in our opinion, a very interesting task. This paper should be considered as a very first step in this direction.
